The key requirement of centimeter-level real-time kinematic (RTK) positioning using the Global Positioning System (GPS) relies on the ability to fast and accurately determine the ambiguities of carrier-phase observations to their inherent integer values. In addition, the identification must be completed on the fly since the remote receiver is constantly in motion. The Kalman filter-based algorithm described in this paper uses an ionospheric information filter to perform on-the-fly phase ambiguity resolution for high precision RTK applications. Experiments based on 16 independent test baselines ranging from 10-50 km in length indicate that the algorithm can reliably achieve centimeter-level positioning accuracy, provided that a small enough threshold value for ambiguity identification is pre-defined and that sufficient geometry change in the GPS constellation is observed. Experimental results also show that the convergence (initialization) time for ambiguity resolution is linearly proportional to instantaneous baseline length, and the slope of the regression line increases with tighter ambiguity identification criteria.
Introduction
Precise determination of double-differenced GPS phase ambiguities on the fly is the most important task for high precision kinematic applications (Yang et al., 1994; Goad and Yang, 1997; Han, 1997; Teunissen, 1997; Mohamed and Schwarz, 1999; Wang, 2000) . Today, most GPS-based high precision RTK surveys have a limitation on the distance between the rover and the base receivers, the so-called baseline length. Rarely will one find routine centimeter-level RTK applications over longer baselines. The main obstacles in longer-range real-time ambiguity resolution are twofoldresidual orbital error in the GPS broadcast ephemeris, and residual signal delay caused by the atmosphere including the ionosphere and the troposphere. In general, the resolution of GPS phase ambiguity is simpler and straightforward for short-range applications, as the differential influences on GPS observables caused by the GPS broadcast orbits and the atmosphere can be canceled by the sufficient similarities at the two ends. However, for longer-range baselines, the above assumption is no longer valid, and consequently the systematic influences must be carefully modeled.
In this paper, the term "medium-range" thus refers to the assumption that the double-differenced GPS phase observations are sufficiently insensitive to the relatively smaller residual effects, namely, the GPS orbital error and the tropospheric refraction. Hence, only the differential ionospheric influence needs to be effectively modeled for successful resolution of phase integer ambiguity. This is particularly important to engineers and geodesists who wish to perform Copy right c The Society of Geomagnetism and Earth, Planetary and Space Sciences (SGEPSS); The Seismological Society of Japan; The Volcanological Society of Japan; The Geodetic Society of Japan; The Japanese Society for Planetary Sciences.
high precision RTK surveys in areas located in the so-called equatorial anomaly region. Taiwan for example, at 10-14
• N geomagnetic, is situated in the region (Huang et al., 1989) . Irregularities of the ionosphere mainly occur in the equatorial anomaly region that is in the shape of a belt surrounding the earth's geomagnetic equator, as well as in the polar auroral zones; however, a very high electron content only occurs in the equatorial region (Seeber, 1993, p. 306) . As a result, noticeable residual ionospheric signals can be seen in doubledifferenced phase observations even over short baselines in this area (ibid.).
It has long been recognized that using multiple reference stations improves differential GPS positioning results. Such a multiple-reference configuration is generally referred to as wide-area differential GPS (WADGPS), mainly implemented for single frequency code or phase-smoothed code positioning with varying levels of accuracy from a few decimeters to a few meters (Ashkenazi et al., 1993; Bertiger et al., 1998) . In recent years, researchers started to take advantage of the multi-reference configuration and successfully achieved fast ambiguity resolution for centimeter-level RTK positioning using dual frequency carrier-phase measurements. For instance, Han (1997) , Raquet and Lachapelle (2000) independently developed methods to process dual frequency GPS data and perform interpolation of differential ionospheric delays using a network of reference stations.
Nevertheless, due to the cost factor, the majority of today's high precision RTK positioning projects and commercial products still operate on the so-called single-reference mode, i.e., only one reference station is used in the communication link and as a result, no interpolation of differential influences can be performed. This means that in the single-reference mode, the only direct source that contains information about the differential ionospheric signals is the GPS dual frequency phase and pseudorange observations. To model the differential ionospheric refraction for a single baseline, Goad and Yang (1997) proposed an approach based on a smoothing technique that operates on single-differenced GPS measurements. In this approach, all available GPS data are combined by a smoother for the estimation of a group of time-varying ionospheric parameters. For real-time applications, however, such a smoother-based technique is no longer effective. Moreover, since computational time must be taken into consideration in a real-time situation, it is advantageous to reduce the number of estimated parameters in the state vector to its minimum. Consequently, the processing of single-differenced measurements is not optimal for RTK implementation.
In this paper, a Kalman filter-based algorithm with a realtime application capability is used to combine doubledifferenced phase and pseudorange data, and to take advantage of the stochastic structure in the ionospheric signal. An integer transformation procedure is also incorporated into the algorithm to decorrelate the float ambiguity estimates for optimal identification of their correct integer values.
As both the accuracy level and time factor play crucial roles in high precision RTK applications, the purpose of this paper is to assess, with independent test baselines of various lengths, the algorithm's ability to achieve centimeter-level kinematic positioning, and to investigate the relationship between convergence time, instantaneous baseline distance, and threshold values for ambiguity identification.
The Filter
The GPS dual frequency double-differenced observations measured between receivers i and j (subscript), and satellites k and l (superscript) are given as follows (Goad and Yang, 1997; Yang and Lo, 2000) :
where 1 , 2 , P 1 , P 2 are the phase ranges and pseudoranges measured at the L 1 and L 2 frequencies, respectively. The term ρ is the geometric distance between the two satellite antennas and the two receiver antennas while I / f 2 stands for the first-order atmospheric ionosphere refraction with group delays associated with the pseudoranges and phase advances associated with the phases. The wavelengths of the L 1 and L 2 phases are λ 1 ≈ 19 cm and λ 2 ≈ 24 cm, respectively. The measurement noise is characterized by the error terms and e. The integer ambiguities associated with the L 1 and L 2 phases are denoted as N 1 and N 2 , respectively.
The tropospheric effect T can be estimated together with surface meteorological data by some tropospheric correction models, for instance, those of Hopfield (1969) and Saastamoinen (1972) . Despite the differences between the various models, when the elevation angle is above 20 degrees, different models give very similar estimates of the tropospheric refraction (Solheim, 1993) .
The effect of ionosphere on GPS measurements is generally regarded as a time-dependent signal that continuously changes in time as the electron density varies with time and location in the ionosphere (Klobuchar, 1991) . In addition to the dependence on time, the effect of differential ionosphere is also a function of baseline length (Dong and Bock, 1989) . When the two receivers are close to each other, the differential ionospheric refraction is greatly reduced due to cancellation; however, as the baseline length is increased, the reduction becomes less significant (Yang et al., 1994) .
The model for estimating the phase ambiguities is given in a Kalman filter form. At a given epoch t n , the linearized observation equation is formulated as follows:
where Z n is the observation vector comprising the four measurements, and a zero a priori observation of the doubledifferenced ionosphere. The error vector is and H is the design matrix. Here the state vector is defined as
where x j , y j , z j represent the corrections made to the reference position of the moving receiver j at epoch t n . The term I / f 2 1 stands for the L 1 double-differenced ionospheric refraction associated with the measurements. The doubledifferenced integer ambiguities of the L 1 and widelane (L 1 − L 2 ) phases are denoted as N 1 and N 1 − N 2 , respectively. The choice of the widelane phase is mainly for its longer wavelength.
The prediction (−) of the state vector at the next epoch n + 1 is derived from the update (+) of epoch n as follows (Gelb, 1979, p. 110 ):
In this study we define the state transition matrix φ n and corresponding covariance matrix Q n as 
where p ion represents the prediction operator used to predict the double-differenced ionospheric delay from one epoch to the next, over a time interval τ and a baseline length change δ while the corresponding variance of the prediction error is denoted as σ 2 W ion . Their values are given by Goad and Yang (1997) as
where T = 64 min stands for the first-order correlation time for the double-differenced ionosphere, and D = 1500 km represents the first-order correlation distance. The variance of the double-differenced ionosphere with τ and δ as the two independent variables is σ 2 ∞ = 2.0 m 2 . The remaining diagonal elements of the state transition matrix φ n are set to one, indicating that in the filter the predicted values for the moving receiver's position and phase ambiguities are unchanged over time. Obviously this assumption cannot be true. Therefore, a very large number is assigned to each of the first three diagonal elements of the corresponding covariance matrix Q n , in order to effectively neglect any previous information about the moving receiver's position. The last two diagonal elements of Q n are set to zero when continuous tracking is maintained; otherwise, they are set to very large numbers when estimation of new ambiguities is requested.
Fixing Integer Ambiguities
The most intuitive way to constrain float ambiguity estimates to integer values is to round the estimates to their respective nearest integers. However, this method is optimal only if the estimates have reached a steady state with high precision, and the correlation between the estimates is low. In the algorithm, the integer transformation concept proposed by Teunissen (1995 Teunissen ( , 1997 that minimizes both the correlation between the integer ambiguities and the elongation of the error ellipsoid is used to decorrelate the normally highly correlated GPS phase ambiguities. Suppose that two doubledifferenced phase ambiguity estimates and their associated covariance matrix are available from the filter aŝ a = â 1 a 2 , Qâ = σâ (1, 1) σâ (1, 2) σâ (2, 1) σâ (2, 2) .
The integer transformation process is performed as (Teunissen, 1995) 
where the symbol { } stands for rounding to the nearest integer. The associated covariance matrix is consequently obtained as (1, 1) σâ (1, 2) σâ (2,1) σâ (2,2) Z = σâ (1, 1) σâ (1, 2) σâ (2, 1) σâ (2, 2) . (9) The integer transformation procedure generates a linear combination of the original integer ambiguities to achieve the goal of decorrelation (Teunissen, 1995) . To successfully resolve the correct integer values of the transformed (and decorrelated) ambiguities, two conditions need to be fulfilled at once: the float estimates should reach a steady state with high precision, and the correlations between the estimates should be sufficiently low. In general, if the integer transformation procedure is successful, the above conditions can be both fulfilled (Peiliang Xu, 2000, personal communication) . In this study, a simplified measure is adopted to determine the ambiguity integers. If the associated standard deviations of the transformed ambiguity estimates are smaller than a pre-defined threshold value κ √ σâ ≤ κ,
then the transformed float ambiguity estimates are rounded (and constrained) to their nearest integers, and the state vector and the covariance matrix of the filter are updated accordingly.
To extend from the two-dimensional case to a more general multi-dimensional case, the integer transformation procedure is repeated and applied to all possible ambiguity pairs in the state vector. After the resolution of phase integer ambiguity, precise kinematic positioning can be continuously performed.
Test Results

Test data description
To investigate the applicability of the proposed algorithm for resolution of the phase ambiguity on the fly, 16 independent GPS baselines ranging from 10-50 km in length were studied. About 40 min of dual frequency test data were collected between January and April 1997, with a sampling interval of 15 seconds and a satellite elevation cutoff angle of 10 degrees. The test data were in fact static baselines and their "true" static baseline solutions were obtained from off-line data processing using the GPSurvey 2.0 software (Trimble Navigation, Sunnyvale, CA, U.S.A.), with precise GPS ephemeris from the International GPS Service (Neilan et al., 1997; Beutler et al., 1999) . Figure 1 displays the spatial distribution of those baselines, which covered various regions of the island of Taiwan, including the central mountainous areas with elevations greater than 2 km as well as low-elevation areas near the east and west coastlines.
Result analyses
The objective of the experiment was to examine the performance of the proposed algorithm. Three different threshold values, κ = 0.15, 0.20, and 0.30 cycles, for the determination of phase ambiguity integer were tested in the experiment. To simulate the real-time scenario, GPS broadcast ephemeris was used.
The accuracy of the kinematic positions is represented by the RMS values between the kinematic positions obtained from the state vector of the filter after the resolution of integer ambiguity, and the "true" baseline solutions acquired offline. Figure 2 illustrates the horizontal and vertical RMS values for the three criteria. For the two tighter threshold values, 0.15 and 0.20 cycles, it is clear that the ambiguity integers are accurately determined, since all the horizontal RMS values are within ±3 cm, and all the vertical RMS values are within ±4.2 cm. The length of the baseline only has a small effect on the accuracy level within the distance range of the test baselines. As the baseline distance becomes longer, the RMS values in general only slightly increase. For the loosest threshold value, 0.30 cycles, however, wrong integer values of phase ambiguities are fixed for one of the baselines (a 43-km line), as the corresponding RMS values are as large as ±17.1 cm vertically, and ±7.5 cm horizontally. After excluding the incorrect line, similar accuracy estimates to the cases of the two tighter threshold values are obtained. Figure 3 displays the time (number of epochs) needed for the algorithm to fix integer ambiguity for the three criteria. It is apparent that in all three cases, more time is needed for longer baselines, and the relationship resembles straight lines. Moreover, as expected, the slope of the regression lines increases with tighter threshold values.
To demonstrate the filter's ability to recover the doubledifferenced ionosphere, the filtered estimates and the "true" ionospheric effects obtained from the geometry-free linear combination of the phase data with fixed ambiguities are compared. Figure 4 shows the double-differenced ionospheric signals of two satellite pairs, SV1-6 and SV1-22, for a 47-km line. The integer ambiguity resolution is completed at the 80th epoch for the threshold value of 0.20 cycles. It can be observed that the actual double-differenced ionospheric influence reaches as large as 7 cm in magnitude, which underscores the argument that the residual ionospheric effects cannot be ignored in the model. Despite the large differ- ences in the beginning of the filtering process, the filtered ionospheric estimate gradually approaches the true value as the filter steadily converges. After the resolution of integer ambiguity, the two quantities stay close to each other within 1 cm, i.e., about one twentieth of the wavelengths of the L 1 and L 2 phases.
Discussion and Conclusion
At present, most high precision RTK geodetic surveys still operate on the single-reference mode where only one base station is used in the communication link. Since no interpolation of differential ionospheric influences can be performed in the single-reference mode, instantaneous ambiguity resolution in real time becomes very difficult over baselines where the differential ionospheric effect cannot be assumed to be zero. As a result, it is important not only to devise new algorithms for single-baseline RTK ambiguity resolution, but also to investigate the performance of the algorithms from a variety of perspectives-the achievable positioning accuracy, the choice of ambiguity resolution criterion, the convergence (initialization) time, and the relationship between the baseline length and the above factors.
In this paper, an algorithm for medium-range RTK GPS positioning is used to resolve phase ambiguities over test baselines ranging from 10-50 km in length. The algorithm is combined with an ionospheric information filter and an integer transformation procedure for optimal phase ambiguity resolution.
The use of the algorithm for performing ambiguity resolution yielded varying results, depending on the adopted threshold values for ambiguity identification and the instantaneous baseline distances. From analyses of test results obtained from 16 independent GPS baselines, correct integer ambiguity resolution along with high precision real-time kinematic positions can be reliably obtained, so long as a small enough threshold value for ambiguity identification is pre-defined and sufficient geometry change in the GPS constellation is accumulated over time. Naturally, longer convergence time is needed for smaller threshold values. As the baseline distance increases, so does the required convergence time, and the relationship resembles a straight line whose slope increases with tighter threshold values.
